Abstract: Open-loop adaptive optics is a technique in which the turbulent wavefront is measured before it hits the deformable mirror for correction. We present a technique to model a deformable mirror working in open-loop based on multivariate adaptive regression splines (MARS), a nonparametric regression technique. The model's input is the wavefront correction to apply to the mirror and its output is the set of voltages to shape the mirror. We performed experiments with an electrostrictive deformable mirror, achieving positioning errors of the order of 1.2% RMS of the peakto-peak wavefront excursion. The technique does not depend on the physical parameters of the device; therefore it may be included in the control scheme of any type of deformable mirror. 
Introduction
Open-loop adaptive optics (AO) is a technique devised for multi-object adaptive optics (MOAO), which is one of the types of AO proposed to widen the limited field-of-view of 'classical' closed-loop astronomical AO systems [1, 2] . In MOAO, wavefront sensors are locked on natural and/or laser guide stars in the field, measuring uncorrected, turbulent wavefronts. One or more pick-off mirrors are placed at science target locations in the image plane, directing the light to deformable mirrors (DMs) in the corresponding pupil planes. The turbulence is thus corrected for the specific line-of-sight to the science object, using estimations based on the measured guide star wavefronts. In open-loop AO, the DM shape cannot be controlled by the wavefront sensor as in closed-loop AO. In Guzmán et al [3] , the problem has been tackled using a dedicated wavefront sensor measuring the DM shape and closing a local control loop on it. In this paper a mathematical model is presented to control an electrostrictive DM in open-loop, using multivariate adaptive regression splines (MARS). The use of MARS to build a DM model presents some advantages compared to more traditional techniques such as multiple linear regression and neural networks. Possibly the main advantage is the fact that MARS is able to describe a given response (e.g. actuator voltage) starting from a large number of predictors (e.g. DM facesheet positions), from which the best predictors are automatically selected, therefore the variables space is kept under control. Compared to neural networks and partial least squares (PLS) [4] , MARS models are easier to interpret, since the original variables can be directly found in the resulting model and even interactions between the variables are indicated. Thus, MARS is able to build flexible models without the disadvantages of the more 'black-box' methods, as PLS and neural networks are sometimes called.
Applying voltages to a grid of actuators underneath the mirror deforms the continuous facesheet of the DM. The final shape of the mirror depends on factors such as the rigidity of the facesheet and the relationship between voltage applied and actuator displacement. The position of the facesheet at any given point depends upon the displacement of all actuators in its neighborhood as well as other parameters such as hysteresis of the actuators and operational temperature. As it will be seen in this paper, the final shape is not a linear combination of actuator displacements; therefore it is not straightforward to implement a simple model of a DM. Previous works modeling deformable mirrors have explored the physics behind the actuators and the mirror facesheet. Hom et al [5] presents a non-linear model of an electrostrictive DM, incurring a 13% underestimation error with respect to the real mirror position in a static test and ~40 nm rms errors when canceling a given wavefront. Andersen et al [6] and Laag et al [7] report results with a voice-coil actuator DM made by [8, 9] . Electrostrictive actuators, as well as MEMS actuators, have a quadratic response to voltage [8, 12] . Morzinski et al [10] and Stewart et al [11] have developed openloop models for MEMS DMs based on a physical model of the electrostatic force for the actuator and a thin plate equation for the facesheet; both groups report errors on the order of 15 nm rms. Our MARS model was trained with DM surface measurements taken with a "Fisba" Twyman-Green interferometer, which works with monochromatic light at 633 nm, displaying the surface of the mirror in a 512 x 512 pixels phase map in Angstroms.
The mirror we modeled is a 'Xinetics' with 97 electrostrictive actuators. Once trained, the model has a set of non-recursive equations that can be easily implemented in real-time. Using this technique, we are proposing a general technique to operate a DM in open loop and in real-time.
We stress that hysteresis, which is inherent to the behavior of electrostrictive actuators (and of clear importance in open loop control), was present during both the training and the testing of our model. It is true that the level of hysteresis demonstrated by this type of actuator increases strongly if the temperature is reduced towards the Curie point, whereas our DM was operated around 20 Celsius where the maximum hysteresis-induced error is limited to around 2-4% of the total stroke. However, we argue that an electrostrictive DM employed at temperatures where hysteresis could greatly exceed this range would be a very odd choice for open-loop control. There are several alternative actuator technologies which can provide similar or better hysteresis performance at lower temperatures; these include harder piezoelectric ceramics, electrostatic MEMS DMs and magnetic-based actuators. We therefore believe that our model has been derived and tested with hysteresis present at the maximum levels likely to be present in any open loop control design.
Multivariate adaptive regression splines
Multivariate Adaptive Regression Splines, MARS, is a multivariate nonparametric regression technique introduced by Friedman [4, 13] 
where e is an error vector of dimension (n x 1). MARS can be considered as a generalization of Classification and Regression Trees (CART), and is able to overcome some limitations of CART [14] Due to its advantages, its use has become popular in the last years for different purposes [15] . MARS does not require any a priori assumptions about the underlying functional relationship between dependent and independent variables. Instead, this relation is uncovered from a set of coefficients and piecewise polynomials of degree q (basis functions) that are entirely driven from the regression data (y, X). The MARS regression model is constructed by fitting basis functions to distinct intervals of the independent variables. Generally, piecewise polynomials, also called splines, have pieces smoothly connected together. In MARS terminology, the joining points of the polynomials are called knots, nodes or breakdown points. These will be denoted by the small letter t. For a spline of degree q each segment is a polynomial function. MARS uses two-sided truncated power functions as spline basis functions, described by Eqs. (2) 
Where 0 q ≥ is the power to which the splines are raised and which determines the degree of smoothness of the resultant function estimate. When 1 q = , which is the case in this study, only simple linear splines are considered. A pair of splines for 1 q = at the knot 0.5 t = is presented in Fig. 1 . (2) and (3), with knot locations ij x (i=1, 2, …, n; j=1, 2,…, p). A two-step procedure is followed to construct the final model. First, in order to select the consecutive pairs of basis functions of the model, a two-at-a-time forward stepwise procedure is implemented [4] . This forward stepwise selection of basis functions leads to a very complex and overfitted model. Such a model, although it fits the data well, has poor predictive abilities for new objects. To improve the prediction, the redundant basis functions are removed one at a time using a backward stepwise procedure. To determine which basis functions should be included in the model, MARS utilizes the generalized cross-validation [16] (GCV). The GCV is the mean squared residual error divided by a penalty dependent on the model complexity. The GCV criterion is defined as in Eq. (5):
where C(M) is a complexity penalty that increases with the number of basis functions in the model and which is defined as in Eq. (6):
where M is the number of basis functions in Eq. (4), and the parameter d is a penalty for each basis function included into the model. It can be also regarded as a smoothing parameter. Large values of d lead to fewer basis functions and therefore smoother function estimates.
For more details about the selection of the d parameter, see [4] . In our studies, the parameter d equals 2, and the maximum interaction level of the spline basis functions is restricted to 3.
The main steps of the MARS algorithm as applied here can be summarised as follows: 0. Select the maximal allowed complexity of the model and define the d parameter.
Forward stepwise selection:
1. Start with the simplest model, i.e. with the constant coefficient only.
2. Explore the space of the basis functions for each explanatory variable.
3. Determine the pair of basis functions that minimises the prediction error, and include them in the model.
4. Go to step 2 until a model with predetermined complexity is derived.
Backward stepwise deletion:
5. Search the entire set of basis functions (excluding the constant) and delete from the model the one that contributes least to the overall goodness of fit using the GCV criterion.
6. Repeat 5 until GCV reaches its minimum. The predetermined complexity of MARS model in step 3 should be considerably larger than the optimal (minimal GCV) model size M*. Choosing the predetermined complexity of the model as more than 2M* is enough in general [4] . In our case, it was equal to 3025 and this value is called Mmax.
ANOVA decomposition of the MARS model
It is possible to analyse a MARS model using surface plots that visualise the interactions and effects between the basis functions. To illustrate this, some definitions will be introduced. 
where the first sum is over all single-variable basis functions, the second sum is over all strictly two-variable basis functions, and the third sum represents all three-variable basis functions. Equation (7) is called the ANOVA decomposition due to its similarity to the decomposition by ANOVA of experimental design [17] . The two-variables interaction of a MARS model,
If x x , is given by Eq. (8):
Higher level interactions can be defined in a similar way. and j x in a surface plot.
Prediction ability of the MARS model
The prediction ability of the MARS model can be evaluated in terms of the Root Mean Squared Error of Cross-Validation (RMSECV) and the squared leave-one-out correlation coefficient ( 2 q ). To compute RMSECV, one object is left out from the data set and the model is constructed for the remaining n-1 objects. Then the model is used to predict the value for the object left out. When all objects have been left out once, RMSECV is given by Eq. (9): 
where y is the mean value of the dependent variable for all n objects.
Nonlinear behavior of the DM
The behavior of the facesheet of our DM is non-linear, as it is in MEMS DMs [18] . The simplest approach of a linear combination of individual actuator deformations produces large errors when trying to represent the final shape of the facesheet. An example of this nonlinearity is presented in Fig. 2 : we experiment with a sector of 9 x 5 actuators, which are centrally located on the DM. We applied a half-range offset to all actuators to place them at a nominal condition for an AO system and then we exercise each actuator to +12 volts with respect to this offset. The data was taken with our interferometer (please see section 5 for details on our experimental setup), whilst subtracting the half-range offset reference. We obtained the sum of all individual actuators (top-left panel) and then we applied +12 volts to all actuators at once ("joint poke", top-right panel). We evaluated the difference between both results, as an image (bottom-left panel) and as a slice of that image (bottomright panel). This simple exercise shows that the sum of actuators produces an excessive result with respect to the joint poke of about 200 nm. Therefore, modeling the final shape of a DM is not as simple as combining the individual contributions of the actuators. 
Actuator's area of influence
Traditionally, the 'influence function' is the concept used to describe the shape of the DM facesheet around an actuator being poked. However, the final shape of the mirror surface depends on the positions of the neighbor actuators. Depending on the physical characteristics of the facesheet, this effect may or may not extend beyond adjacent neighbor actuators. Knowing the extension of this 'area of influence' is important for our purposes, since it determines the complexity of the model we are attempting to produce, because surrounding actuator positions (defined by their applied voltage) can ultimately affect the final position of a central actuator. For a complete characterization of the area of influence of an actuator, we chose to exercise all neighbor actuators and not to limit the study to the traditional influence function.
For this experiment, we poke a 5x5 actuator sector with random values, using similar exercising parameters to the ones used in the training data to feed our MARS model (see next section for details). To determine the area of influence of an actuator in the presence of neighbor actuators being exercised, we computed the correlation coefficients matrix R (or 'cross-correlation'), which is calculated as follows.
If C is the covariance matrix of the set of data, the cross correlation R is defined as in Eq.  (11): , , , ,
In practical terms, each row and column of R represents one actuator, and the values at positions (i,j) in R correspond to the correlation between actuators i and j Using this definition, it follows naturally that the diagonal elements of R will be unitary. Figure 3 shows the results of this experiment, where the most important conclusion is that only the closest neighbors are significant when defining the final position of an actuator. The 'area of influence' of an actuator spans its immediate neighbors, in particular the closest ones (the ones which form a 'cross' together with the one under study). Counter-intuitively, the corner actuators do not contribute to the final shape of the central actuator, which might be related to the rigidity of the facesheet. The right panel in Fig. 3 compares the correlation coefficients with a normalized, traditional influence function for the actuator. The height of the continuous DM facesheet was measured only at actuator coordinates to make the comparison valid: this is why the plots appears not to be continuous. Figure 3 shows that correlation coefficients gives slightly different results with respect to the influence function, at one and two actuators away from the one under study. We believe this method is better suited to describe the trul behavior of the DM membrane.
This result may be different for other types of deformable mirror (for instance, for MEMS DMs, which have a much thinner membrane), but the result of this section is useful in order to have a priori knowledge of the complexity of a DM model.
Data taking methodology
Our experimental setup consists of a commercial Twymann-Green interferometer (a 'Fisba µPhse 2 HR') coupled to a 100 mm telecentric lens, installed in front of the DM. The light source used by the interferometer is a temperature-stabilized 632 nm laser. The complete 75 mm DM aperture can be sampled by the interferometer, with each pixel corresponding to 0.2 x 0.2 mm of the DM pupil. The Z coordinate (DM membrane deformation) is measured by the interferometer and measured in Angstrom (Å).
The typical deformation we applied to the DM was around ± 27000 Å = ± 2700 nm = ± 2.7 µm. The maximum excursion we can measure is limited by the ability of the interferometer to unwrap the phase information from the interference fringes, which in turn is limited by the spatial resolution of the fringe sampling. This maximum excursion is reasonable for typical AO corrections [12] . We operate the DM at half its range (V offset = 50 volts), applying positive and negative voltages around this plateau voltage, in order to model the DM in accordance with a typical AO system. Our interferometer was calibrated for each run with this plateau position, which was subtracted automatically for all phase maps. This is why our data has a zero mean value, around which there are positive and negative excursions. A phase map with the Fisba takes approximately 15 seconds to be computed, therefore data taking is a long process, usually spanning weeks. Throughout any given run, there were variations in the environment, which produced small long-term drifts in the measurements we were gathering. We settled on modeling the main central area of our deformable mirror (11 x 5 actuators), leaving two static and symmetric areas in the DM around the modeled area, which allows us to measure the drifts in the measured position of the DM surface. This method would still model a large area of the mirror (55 actuators), while overcoming a limitation in our measurement equipment. Figure 4 presents the area of study and the positions we are using in the surrounding area to measure these drifts. We obtained the actuator positions (within the interferometer phase map) by doing individual pokes for each actuator and recording its phase map. Then we measured a typical full-width at halfmaximum (FWHM) of the influence function for the actuators and used this value as a parameter for a two-dimensional Gaussian influence function. The Gaussian was used with a least-squares fitting procedure to find the coordinates of each individual poke. The coordinates of the Gaussian are the 'measured position' of each actuator in phase map space (where X and Y coordinates are pixel numbers). Edge actuators have largely asymmetrical influence functions, unlike the rest of the actuators; therefore the fitting procedure with the Gaussian did not produce satisfactory results for the edge actuators. We decided to identify the actuator positions manually for the edge actuators, assuming they are located under the 'tallest' area of the influence function (where the gradient changes sign). As can be seen in Fig. 4 , the position of these actuators do not comply with a square grid as the rest of actuators do: this is a result of the boundary conditions of the membrane; but it is not relevant that it is not a square grid, as long as we sample the height of the actuators at coordinates that respond to the different positions that the actuators can adopt.
In summary, we are sampling the Z coordinate of the phase maps at actuator positions and we use these values to represent the DM surface. We are also sampling six points of the surface in areas of the DM we left static, which we use to fit a plane that represents the position of the DM membrane not deformed by the actuators. The position of this plane accounts for any drifts throughout the run and is subtracted from the Z coordinate measured at actuator positions. We found this method to be simple and give consistent results. This is the reason one sees a tilted surrounding in Fig. 2 , given the fact that the 9 x 5 actuators were poked one by one and it took time to complete the run. During this period, there were drifts in the measured value of the DM surface, which were compensated in the mirror data (this is why the aperture circle is not tilted), showing the effect of the compensation in the outer areas of the phase maps, which otherwise have a null value. We exercise the DM to its limits, in order to gather realistic data for an AO system: the DM is first 'raised' to half its range and from that point the 55 actuators are given random voltages, to shape the DM surface to a completely random phase. The range of the random values is the maximum permitted without damaging the surface of the mirror. For our Xinetics DM this is achieved by applying +/− 12 volts to the actuators on top of the raised half range height. This is similar to an AO system that needs to compensate positive and negative phases. As an example, Fig. 6 presents the first 9 random positions of one of our runs. It can be seen that there is an average value of 0 Angstrom (because the interferometer subtracts the purely raised mirror as its reference) and positive (redder) and negative (bluer) 'bumps'. 
Results and analysis
We trained our MARS model with 6000 random positions, such as the ones depicted in Fig.  5 .
To test the ability of our model to generate the correct voltages to shape the facesheet, we experimented with two types of tests:
• Qualitative test: we generate some arbitrary combination of Zernike polynomials and feed the model with the values of the combination of polynomials evaluated at actuator coordinates. The model outputs the voltages for the 55 actuators, which we run with the DM, measuring the surface shape with our interferometer
• Quantitative test: we produced an additional 1000 new random positions with the same parameters as the ones used for training and feed the model with them. The model produces the predicted voltages to achieve such random shapes, which we run with the DM, acquiring phase maps. We call them quantitative and qualitative tests because in the latter case, the ability of the DM to reproduce a certain Zernike polynomial is limited by its spatial resolution, incurring in what is usually known as 'fitting error', therefore we only present qualitative results. The quantitative case does not have that problem, allowing us to obtain a positioning or 'GoTo' error, or the difference in position between the desired shape and the achieved phase by the mirror. We decided on using purely random voltages to test our model to its limits, since the spatial frequency response of uniformly distributed random data is more stringent at high spatial frequencies compared to Kolmogorov turbulence for example.
Once the MARS model is calculated it can be implemented in any computer as a set of equations [19] [20] [21] . For an Intel Core 2 Duo, at 2,26GHZ, with 4GB of RAM (standard desktop computer), it takes 190 microseconds to perform a prediction for 55 actuators. Typical operation cycle of AO computers is 300-500 Hz (or 2-3 milliseconds), therefore our model would not add any significant delay to an AO computer. The Zernike polynomials selected for Fig. 7 were chosen somewhat arbitrarily, but the selection criterion was to use Zernike that have more information along the Y-axis (where the majority of the actuators modeled are) and incorporate spatial frequencies that would be too high for this mirror to shape. The results of this experiment are clearly seen along the right panels of Fig. 7 . For the first polynomial (at the top of the figure) , the difference between theory and experiment is fairly small, but when increasing the order of the polynomial and thus the spatial bandwidth, the fitting error becomes significant, although the areas with limited spatial frequencies are still well modeled (see for instance the central part of the plot at the bottom-right panel). It is interesting to note that these results were obtained with our MARS model, which was never trained with Zernike polynomials. This allows us to establish that our training method is general and would be appropriate for a mirror in an AO system. The positioning error or 'GoTo' error was obtained with a new 1000 trials random run. The MARS model was fed with the facesheet positions from this run and the voltages produced were used for a new run. The phase maps of both runs were subtracted (at actuator coordinates), to produce the results in Figs. 8 and 9 . Figure 8 shows the maxima and minima of each trial, to confirm the large span in the data. Figure 9 is the main result of this paper, presented as a GoTo error in Angstrom (RMS value for the 55 actuators) and as a percentage of the full-range of actuators excursion (from The mean value of the plot at the bottom panel of Fig. 9 is 1 .2%, which we believe is a remarkable result for an electrostrictive (e.g. with non-negligible hysteresis) mirror such as our Xinetics [22] .
Conclusions
We have presented a model to predict the voltages to apply to a DM in order to achieve a desired position on its facesheet, using a multivariate adaptive regression splines model. The model is purely mathematical and is trained using a data set of interferometric phase maps. Its performance was verified using a DM in real conditions, reaching a GoTo error of 1.2% of the full-range of actuator positions. This model has the benefit of not developing a physical model of the DM; therefore the DM modeling strategy can be the same, regardless of the type of mirror in operation. MARS produced a series of simple equations, involving only sums and multiplications -they are fast to compute, unlike an iterative solution, so it should not add any significant latency to a real-time AO computer.
